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Abstract
The purpose of this article is to prove a generalisation of the Besicovitch-Federer projec-
tion theorem about a characterisation of rectifiable and unrectifiable sets in terms of their
projections. For an m-unrectifiable set Σ Ă Rn having finite Hausdorff measure and ε ą 0,
we prove that for a mapping f P C 1pU,Rnq having constant, equal to m, rank of the Jacobian
matrix there exists a mapping fε whose rank of the Jacobian matrix is also constant, equal
to m, such that }fε ´ f}C 1 ă ε and H
mpfεpΣqq “ 0. We derive it as a consequence of
the Besicovitch-Federer theorem stating that the H m measure of a generic projection of an
m-unrectifiable set Σ onto an m-dimensional plane is equal to zero.
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1 Introduction
Rectifiability is one of the most important concepts investigated in geometric measure theory.
A rectifiable set coupled with an orientation and integer multiplicity results in a notion of an inte-
gral current which has two nice properties. First, the space of such currents enjoys a compactness
property proved by Federer and Fleming in [FF60], and second, it contains the class of smooth
orientable surfaces, and thus constitutes its natural generalisation.
The subject of this work originates from a modification of a systematic way of projecting cubes
of Whitney partition onto their m-dimensional skeletons, see [DS00, David and Semmes, Chapter
3]. Let H m denote the m-dimensional Hausdorff measure. In [Alm68, 2.9] Almgren constructs a
similar smooth mapping lm from almost all of R
n to the m-dimensional skeleton of cubes. Then, in
Section 2.9(b) on the page 338 of the same work, Almgren claims that for a purely m-unrectifiable
set Σ with H mpΣq ă 8, there exists a perturbation l˚m arbitrarily close to lm in C
1 topology such
that H mpl˚mpΣqq “ 0. We provide a proof of this claim for “an arbitrary mapping having constant
rank of the Jacobian matrix ” instead of the map lm.
The proof is based on a construction of a diffeomorphism Ξε such that H pf ˝ ΞεpΣqq “ 0.
The significance of class C 1 comes from the potential application. A map of class C 1 allows for a
continuous pushforward of integral currents. This may be a useful tool in proving the existence of
solutions, in this class, to variational problems, for example the Plateau problem. In this particular
problem removing the unrectifiable part by a slight perturbation strictly decreases the measure,
so it seems like a step in the right direction.
A similar problem has been recently studied by Pugh in [Pug16]. In this work Pugh investigates
Lipschitz mappings arbitrarily close to identity in C 0 topology such that the measure of the image
under this mappings of an unrectifiable part is arbitrarily small. Moreover, if this unrectifiable
part was a part of a larger set, the rectifiable part of the larger set is changed only slightly under
this mapping. Note that Pugh constructs a Lipschitz map that alone abates the measure of
unrectifiable part. We, on the other hand, build a diffeomorphism of the domain of a given map
f such that after a composition with f the measure of the unrectifiable part is zero.
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Let n,m P N be such that m ă n. We say the set E Ă Rn is m-rectifiable if there exist a
countable family of Lipschitz maps fi : R
m Ñ Rn for i P N, such that H mpEz
Ť
fipR
mqq “ 0. We
say that the set Σ is purely m-unrectifiable if H mpΣX Eq “ 0 for every m-rectifiable set E.
The Besicovitch-Federer projection theorem was first proved by Besicovitch in [Bes39] for
one dimensional sets on the plane and then generalised to any dimension by Federer in [Fed47].
We use the formulation given in [Mat95, Theorem 18.1] which consists of two statements. The
first one characterises rectifiable sets: a set A is m-rectifiable if and only if the image of every
subset B Ă A of positive H m-measure under a generic projection has positive H m-measure,
i.e. H mpPV pBqq ą 0. The second one concerns unrectifiable sets and states that for a generic
orthogonal projection PV onto an m-dimensional plane V the measure of the image of a purely
m-unrectifiable set Σ is zero, i.e. H mpPV pΣqq “ 0. The statement about rectifiable sets expresses
the intuitions: on the plane, the shadow cast by an interval has positive length unless the interval
is parallel to the light rays. Moreover, we see that that 1-unrectifiable sets despite having positive
H 1-measure cast shadow of length zero for almost all directions of light rays.
On the pages that follow we generalise the second of the above statements. We consider the
consequences of the substitution of the orthogonal projections in the B-F theorem by the class of
mappings having constant rank of the Jacobian matrix. For an open set U Ă Rn, we denote this
class by
C
1
“mpU,R
nq :“
 
f P C 1pU,Rnq | dim imDfpxq “ m,@x P U
(
. (1)
This is a much wider class of mappings, and consequently our assertion differs from the result of the
theorem of Besicovitch and Federer. Instead of a measure theoretic result we obtain a topological
one involving the density. Precisely, in Section 3 we prove the following theorem.
Theorem 3.1. For a purely m-unrectifiable set Σ contained in an open set U Ă Rn,
such that H mpΣq ă 8, let
A pΣq :“
 
f P C 1pU,Rnq | dim imDf “ m, H mpfpΣqq ą 0
(
.
Then the interior of the set A pΣq in the C 1 topology is empty.
The proof is based on a construction of a diffeomorphism of the domain that can be arbitrarily
close to the identity, and such that the pullback of f P A pΣq by this diffeomorphism is no longer
in the set A pΣq. This construction is divided into two main steps. First, in Section 2, we prove
a local variant of this theorem. The proof of local variant is based on the fact that for a mapping
f P C 1“mpU,R
nq and a point x P U there exists a neighbourhood V of x and diffeomorphisms φ and
ψ of Rn such that f |V “ ψ
´1 ˝ π ˝ φ|V , where π is an orthogonal projection onto some m-plane.
We insert a rotation θ of Rn into this composition to obtain
fε “ f ˝ Ξ “ pψ
´1 ˝ π ˝ φq ˝ pφ´1 ˝ θ ˝ φq.
We then show that θ can be chosen so that fε is closer to f than ε in C
1 topology and zeroes the
measure of unrectifiable Σ in the image , i.e. H mpfεpΣX V qq “ 0.
Next, in Section 3 we prove the main theorem. The crucial difficulty is to glue diffeomorphisms
Ξ “ φ´1 ˝ θ ˝ φ, that do not agree on intersections and act non-trivially on boundaries of their
individual domains, constructed in the first step of the proof. This is achieved by a careful
construction of a countable family F of open, connected, pairwise disjoint sets, whose closures
covers the domain U . Then, we iteratively apply the modified diffeomorphisms constructed in the
local variant of the theorem to elements of the family F .
In order to obtain this modification we interpolate between diffeomorphism from the local
variant and the identity using a vector flow. The result is that away from the boundary of an
element of the family F the modified diffeomorphism is equal to the one from the local variant, and
on the boundary it is equal to the identity. Once we have applied this modified diffeomorphism,
the part of the set Σ that was away from the boundary, after further composition with f , yields
no measure.
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It is not the case when we consider the part of the set Σ that is near the boundary. On the
collar around the boundary the modified diffeomorphism is not equal to the mapping from the
local variant and consequently we do not know the outcoming measure of the perturbed Σ after the
composition with f . The solution is to iterate modified diffeomorphisms as described in previous
paragraph on decreasingly thinner collars around the boundaries.
Instead of C 1“mpU,R
nq we may consider even a wider class of mappings having bounded rank
of the Jacobian matrix, namely
C
1
ďmpU,R
nq :“
 
f P C 1pU,Rnq | dim imDfpxq ď m,@x P U
(
. (2)
In Section 3.2 we discuss the potential extension of the main theorem. The argument would be
a simple consequence of Sard’s theorem under the following conjecture.
Conjecture.
C
8
ďmpU,R
nq is dense in C 1ďmpU,R
nq. (3)
The difficulty in proving this conjecture is that for f P C8ďmpU,R
nq the convolution with the
mollifier ϑε ‹ f R C
8
ďmpU,R
nq because rank of the Jacobian matrix is generally no longer bounded
by m.
1.1 Notation and conventions
1. For r P R and A Ă Rn the r-neighbourhood of the set A is
BrpAq :“
ď
pPA
Bpp, rq.
2. The Standard mollifier ϑ is given by
ϑpxq :“
"
expp´1{p1´|x|2qq{In for |x| ă 1
0 for |x| ě 1
,
where In is such that ∫Rn ϑpxqdx “ 1 and also denote
ϑεpxq :“ ε
´nϑ
`
ε´1x
˘
.
2 Local variant
Before we discuss the local variant of the theorem we shall explain how the orthogonal projections
and the class C 1“mpU,R
nq are related to each other.
For a continuously differentiable map f : Rn Ñ Rm with rpDfq :“ dim impDfq “ m at some
point y there exist [Spi65, Th. 2-13 p.43] a neighbourhood V Q y and a mapping h : V Ñ Rn such
that for px1, . . . , xnq P V we have
f ˝ hpx1, x2, . . . , xnq “ pxn´m`1, xn´m`2, . . . , xnq. (4)
In other words we say: there exist a diffeomorphism that straightens preimages f´1pyq for a
y P Rm. Its inverse is the diffeomorphism h mentioned above.
The image of a mapping f from C k“mpR
n,Rnq is locally an m-dimensional manifold, thus there
exists a diffeomorphism ψ : W Ñ Rn of a neighbourhood W Ă Rn of the point fpaq such that
ψpfpUq XW q is contained in the plane tpx1, . . . , xnq P R
n | xm`1 “ xm`2 “ . . . “ xn “ 0u. By
combining this observation and (4) we obtain the classical result.
Corollary 2.1 (Constant rank theorem). Suppose f P C k“mpU,R
nq. For any x P U there exist
open sets Ux Q x and Wfpxq Q fpxq, and diffeomorphisms φx : Ux Ñ R
n and ψfpxq : Wfpxq Ñ R
n
of class C k such that the mapping pψfpxq ˝ f ˝ φx
´1q : φxpUxq Ñ R
n satisfies:
pψfpxq ˝ f ˝ φx
´1q “ PV |φxpUxq,
where PV : R
n Ñ Rn is the projection on an m-dimensional plane V .
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Therefore any map f P C k“mpU,R
nq is similar in the above local manner, to the orthogonal pro-
jection onto an m-dimensional plane. Therefore, the class C 1“mpU,R
nq is a natural generalisation
of projections.
Our temporary goal is the following local form of the main theorem.
Theorem 2.2 (Local variant). Let ε ą 0, Σ be an m-unrectifiable set, such that H mpΣq ă
8 and f P C 1“mpU,R
nq. For any point x P U there exist a neighbourhood Upx, rq, and fε P
C 1“mpUpx, rq,R
nq such that
}f ´ fε} C 1pUpx,rq,Rnq ď ε and H
mpfεpΣX Upx, rqqq “ 0.
We precede the proof with a proposition stating that the unrectifiability property is preserved by
a bi–Lipschitz diffeomorphism.
Proposition 2.3. Let Σ Ă U be a purely m-unrectifiable set with H mpΣq ă 8 and φ : U Ñ V
be a bi–Lipschitz diffeomorphism. Then φpΣq is also an m-unrectifiable set.
Proof. The m-dimensional Hausdorff measure satisfies the inequality (see [Mat95, Theorem 7.5,
p.103])
H
mplpAqq ď LipplqmH mpAq, (5)
where l : Rn Ñ Rn is a Lipschitz map and A is a subset of Rn. Therefore, for any m-rectifiable
set E Ă V we see that
H
mpφpΣq X Eq ď Lippφ´1qmH mpΣX φ´1pEqq “ 0,
where the last equality follows from the rectifiability of φ´1pEq.
We are now in a good position to prove the lemma.
Proof of Theorem 2.2. We divide the proof into three parts. First part contains the definition of
the diffeomorphism Ξθ which composed with original map f will be the mapping fε “ f ˝Ξθ form
the conclusion of the theorem. In second we investigate the distance between f and modified map.
In the last part we check when the image f ˝ ΞθpΣq has m-dimensional measure equal to zero.
1. Let Ux be an open neighbourhood as in Corollary 2.1. Using a translation we can assume that
0 P int pφxpUxqq. For every point x P U let rx “ distp0, BφxpUxqq. Then for any positive r ă rx we
have Bp0, rq ĂĂ φxpUxq. For any such r we define
Upx, rq :“ φ´1x pBp0, rqq Ă Ux. (6)
For simplicity denote φ :“ φx. For an isometry SOpnq Q θ : R
n Ñ Rn let Ξθ stand for the map
Ξθ “
`
φ´1 ˝ θ ˝ φ
˘
: Upx, rq Ñ Upx, rq. (7)
Observe that the further composition with pψ ˝ fq yields a mapping from Upx, rq to Rm. We
investigate the image of the set Σ under this composition
ψ ˝ f ˝ ΞθpΣq “ pψ ˝ f ˝ φ
´1q ˝ θ ˝ φpΣq
“ pPV ˝ θqpφpΣqq,
(8)
for some m-dimensional plane V . We claim that PV ˝ θ “ θ ˝ Pθ´1pV q. Indeed, by computing the
preimage of a point v P V , we have
pPV ˝ θq
´1pvq “ θ´1pPV
´1pvqq
“ θ´1pv ` V Kq
“ θ´1pvq ` θ´1pV Kq,
(9)
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while
pθ ˝ Pθ´1pV qq
´1pvq “ pPθ´1pV qq
´1pθ´1pvqq
“ θ´1pvq ` θ´1pV qK
“ θ´1pvq ` θ´1pV Kq.
(10)
Therefore, we obtained a projection of the unrectifiable set φpΣq onto a subspace θ´1pV q. We
will choose symmetry θ is such a way that it is both close to identity mapping and the projection
onto the m-plane θ´1pV q zeroes the measure of φpΣq.
2. We will prove that there exist an open neighbourhood of id in SOpnq such that the composition
f ˝ Ξθ : Upx, rq Ñ R
n (11)
can be as close to the mapping f |Upx,rq as we wish. Observe that both f and Df are continuous up
to the boundary of Upx, rq for r ă rx, hence, they are uniformly continuous. For the, differential
Df define the continuity parameters ε˜ and δ˜ by the following statement: for any positive ε˜ there
exists δ˜ “ δ˜pε˜q, such that if |y ´ x| ď δ˜, then }Dfpyq ´Dfpxq} ď ε˜. We estimate
}f ˝ Ξθ ´ f}C 1 “ }f ˝ Ξθ ´ f}C 0 ` }DfpΞθq.DΞ´Df}C 0
ď }f}C 1}Ξθ ´ id}C 0 ` }DfpΞθq.pDΞ´ id` idq ´Df}C 0
ď }f}C 1}Ξθ ´ id}C 0 ` }DfpΞθq.pDΞ´ idq}C 0 ` }DfpΞθq ´Df}C 0
ď }f}C 1}Ξθ ´ id}C 0 ` }Df}C 0}pDΞ´ idq}C 0 ` }DfpΞθq ´Df}C 0
ď Cp}f}C 1q}Ξθ ´ id}C 1 ` ε˜
(12)
for }Ξθ ´ id}C 0 ă δ˜pε˜q. Observe, that if we pick ε˜ ă ε{2 and }Ξθ ´ id}C 0 ă minpδ˜, ε{2q then
the left hand side of (12) is less than ε. Therefore, we need to control the C 1 norm of pΞθ ´ idq.
Similarly to (12) one can show that also }Ξθ ´ id}C 1pUpx,rqq is continuous in the argument θ. This
provides that for any positive ε we can find an open ball in SOpnq
BSOpid, ρq :“ tθ | }θ ´ id}C1 ă ρu,
such that
}f ˝ Ξθ ´ id}C 1 ă ε for θ P BSOpid, ρq.
Remark 2.4. Let V be an m-plane in Rn which is an element of the Grassmann manifold
Grpn,mq. Then
BSOpid, ρq.V “ tθpV q P Grpn,mq | θ P BSOpid, ρqu
is the set of the positive γn,m´measure. Indeed, let ν be the uniformly distributed measure on the
orthogonal group Opnq. From the definition of γn,m we have
γn,mpBSOpid, ρq.V q
def
“ νptg P Opnq | g.V P BSOpid, ρq.V uq
“ νpBSOpid, ρqq ą 0,
(13)
because BSOpid, ρq is an open set also in Opnq.
3. From Besicovitch-Federer theorem [Mat95, Theorem 18.1] in the open set BSOpid, ρq.V we can
find the set ZφpΣq consisting of those m-planes for which
H
mpPθ´1pV qpφpΣqqq “ 0 for θ
´1pV q P ZφpΣq
and such that γn,mpBSOpid, ρq.V q “ γn,mpZφpΣqq. Under the mappings ψ and θ a set of zero
H m´measure is mapped to a set of zero measure, hence we have
0 “ H mpPθ´1pV qpφpΣqqq “ H
mpθ ˝ Pθ´1pV qpφpΣqqq
by (8) “ H mpψ ˝ f ˝ φ´1 ˝ θ ˝ φpΣqq
“ H mpf ˝ ΞθpΣqq.
(14)
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3 The C 1“m Besicovitch-Federer Theorem
3.1 Main theorem
The main theorem states, in slightly other words, that for any C 1 neighbourhood of a function
f P C 1“mpU,R
nq there exist perturbation fε such that an fεpΣq has zero measure.
Theorem 3.1. For a purely m-unrectifiable set Σ contained in an open set U Ă Rn,
such that H mpΣq ă 8, let
A pΣq :“
 
f P C 1pU,Rnq | dim imDf “ m, H mpfpΣqq ą 0
(
.
Then the interior of the set A pΣq in the C 1 topology is empty.
Proof. We will prove that for every ε ą 0 and f P A pΣq there exist fε P C
1
“m such that fε R A pΣq
and }f ´ fε}C 1pUq ď ε, which will imply that the interior of A pΣq is empty. Function fε will be
the limit of a sequence fn contained in an ε-neighbourhood of f and such that H
npfnpΣqq
nÑ8
ÝÑ 0.
From Theorem 2.2 we already know that locally Theorem 3.1 is true. The problem is that
diffeomorphisms Ξθ do not agree on overlapping sets Upx, rq and Upx˜, r˜q. Thus we are forced
to work on disjoint sets. Additionally diffeomorphisms Ξθ acts non-trivially on the boundary of
Upx, rq, hence those sets have to be not only disjoint but also have positive distance between each
other.
The following lemma enables us to prolong a mapping Ξθ from the Theorem 2.2 to a larger
set. For a subset O contained in Upx, rq, provided that is is far enough from the boundary of
Upx, rq, we will find a diffeomorphism which acts like Ξθ on O and equals to identity outside some
neighbourhood of the set O.
Lemma 3.1. If a compact set U is C 1´diffeomorphic to a closed ball ϕ : U Ñ Bp0, rq and
(a) O Ă UzBµpBUq, for some µ ą 0;
(b) η ą 0,
then there exists ρ ą 0 such that for any θ P BSOpid, ρqztidu there exists a diffeomorphism
ζ :“ ζpµ, η, θq : U Ñ U
with the following properties:
(i) ζpBµ{4pOqq Ď Bµ{2pOq and ζpyq “ Ξθpyq for y P Bµ{4pOq;
(ii) ζpyq “ y for y P UzB3µ{4pOq;
(iii) }ζ ´ id}C 1pUq ď η.
Proof. For an element θ P SOpnq sufficiently close to id (before cut locus) there exists the unique
path
exppt Xθq “ θt : RÑ SOpnq for Xθ P sopnq
connecting id and θ that is θ1 “ θ, θ0 “ id. Mapping t ÞÑ exppt Xθq is a group endomorphism
RÑ DiffpBp0, rqq, in other words it is a flow, and induces a vector field
Xpbq “
d
dt
exppt Xθqpbq|t“0 for b P Bp0, rq.
The aim now is to produce a vector field Vθ P ΓpTUq such that its vector flow gives the mapping
Ξθpyq “ ϕVθ p1, yq. Notice that the field X can be transported back to the set U via diffeomorphism
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φ or again using the fact that the flow Ξθt : Rˆ U Ñ U generates a vector field
Vθpyq :“
d
dt
Ξθtpyq|t“0 “
d
dt
φ´1 ˝ θt ˝ φpyq|t“0
“ Dφ´1pθ0 ˝ φpyqq
d
dt
θtpφpyqq|t“0
“ Dφ´1pφpyqq.Xpφpyqq
“ φ´1˚pφ
˚Xqpyq for y P U. (15)
Multiplying the field Vθ by a smooth cutoff function of an appropriate neighbourhood of the set
O we obtain a flow that at small enough time will do exactly what was formulated in the points
piq to piiiq. Let
Wθpyq :“ pϑµ{8 ˚ 1B5µ{8pOqqpyq ¨ Vθpyq. (16)
By ϕWθpt, yq we denote the trajectory of the point y at the time t under the flow of the field Wθ.
Since for every point y in µ{2-neighbourhood of the set O, denoted Bµ{2pOq, the support of the
mollifier ϑµ{8p¨ ´ yq is contained in pµ{2 ` µ{8q-neighbourhood of O, the field Wθ is equal to Vθ
on Bµ{2pOq. Therefore, there exists t such that the flow ϕWθ ps, yq “ Ξθspyq for y P Bµ{4pOq and
s ď t. Hence gives the proof of the point piq.
The field Wθ is equal to zero outside sptpϑµ{8 ˚1B5µ{8pOqq Ď B3µ{4pOq, hence for y P B3µ{4pOq
c
we have ϕW pt, yq “ y and the point piiq.
Field Wθ is Lipschitz on compact set U and equal to identity on the neighbourhood of the
boundary, and generates one-parameter group of diffeomorphisms that exists for times t P p´ε, εq
for some positive ε. Differentiable dependence on initial conditions guaranties that we will find
time t so small that (iii) is satisfied for all s ă t.
So far for some fixed θ we found t such that θt fulfils piq, piiq and piiiq. Observe that the
mapping
SOpnq ÝÑ DiffC 1pUq
θ ÞÑ ϕWθ p1, ¨q
is continuous, hence θ ÞÑ }ϕWθ p1, ¨q ´ id}C 1 is also continuous. Therefore, there exist and open
neighbourhood of id such that properties piq, piiq and piiiq are satisfied.
Outline of the proof of Theorem 3.1. First we shall construct a countable family U of pairwise
disjoint connected open sets tUiu, such that every Ui is contained in some domain Upx, rq “
Upxpiq, rpiqq. The set U will be covered by the sum of closures of Ui such that the measure
H mpΣX BUiq “ 0 for every i.
Consider an element U1 of the family U. By Lemma 3.1 there exists a diffeomorphism ζ1,1
such that on the set O :“ U1zBµpBU1q it is equal to Ξθ. The map Ξθ is chosen, using lemma
Theorem 2.2, in such a way that the m-measure of the image of O X Σ under f ˝ ζ1,1 is zero, i.e.
H mpf ˝ ΞθpO X Σqq “ 0. In the set ζ1,1pU1q the only possible place for positive H
m measure
of f ˝ ζ1,1pΣq is outside ζ1,1pOq. Define this set by U1,2 :“ U1zζ1,1pOq. The idea is to repeat the
above procedure: apply Lemma 3.1 to the set U1,2zBµ2pBU1,2q. This yields a diffeomorphism ζ1,2
which slightly moves the set that is in U1,2 and further than µ2 away from the boundary of U1,2.
The sequence fn appears as the composition
f1 “ f ˝ ζ1,1
f2 “ f ˝ ζ1,2 ˝ ζ1,1
...
fn “ f ˝ ζ1,n ˝ . . . ˝ ζ1,1.
It will turn out that this sequence is a finite composition for almost all points u P U1. We have
to check that this sequence is converging to some map fε. Here we end the outline and start the
proof with a construction of the cover U.
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1. Construction of the family U.
From now on let the family rB Ă tUpx, rquxPU,0ărărx (17)
stand only for those sets introduced in Theorem 2.2 that fulfil property H mpΣ X BUpx, rqq “ 0.
Note that for every x in U at most countable set of radii r P p0, rxq does not have the above
property. From this family choose a countable collection B Ă rB, covering U and denote them
B “ pViqiPN. Consider the following collection of open sets
rU “ #intpV1q, intpV2qzV1, intpV3qzpV1 Y V2q, . . . , intpVnqzď
iăn
Vi, . . .
+
. (18)
Finally define U as the family of connected components of rU. Denote elements of U by pUiqiPN.
Example 3.2. On the plane, let V1 “ Bp0, 1q, V2 “ p´2, 2q ˆ p´1, 1q and B “ tV1, V2u. In this
case rU consists of two sets: the ball Bp0, 1q and the rectangle p´1, 1q ˆ p´1, 1q with ball cut out.
Then family U has three elements: the ball, left remains from rectangle after cutting out the ball
and symmetric right part.
Already intpV2qzV1 can consist of countably many connected components. The support of the
measure H m Σ is contained in sum of sets from U because of the condition imposed on (17).
Since
@jPN DnPN Uj
conn
Ă intpVnqz
ď
iăn
Vi, (19)
the boundary of Ui can be divided into finite sum
@jPN DnPN BUj Ă BVn Y BVn´1 Y . . .Y BV1. (20)
Note that the BUj X BVi can have infinitely many connected components.
2. H m Σ-measure of collars around the boundaries of elements in U.
For a continuously differentiable, compact pn´ 1q dimensional manifold BVk the limit
H
mpΣXBµpBVkqq ÝÑ 0 as µÑ 0. (21)
Conversely, assume lim
µÑ0
H mpΣXBµpBVkqq ą 0. Then since Σ has finite measure we have
H
mpΣX BVkq “ H
mpΣX
č
µą0
BµpBVkqq “ lim
µÑ0
H
mpΣXBµpBVkqq ą 0
which contradicts assumption on (17).
Fix Ui P U and let
σi “ H
mpΣX Uiq.
Since BUi Ă
Ť
kăn BVk for some n “ npiq then
H
m ΣpBµpBUiqq ď
nÿ
k“1
H
m ΣpBµpVkqq ÝÑ 0 as µÑ 0. (22)
Therefore there exist µi,1 ą 0 such that
H
m pUi X Σq
ˆ
Bµi,1pBUiq
˙
ă σi{3 and H
m pUi X Σq
ˆ
BpBµi,1pBUiqq
˙
“ 0. (23)
We have second assertion because tBBspBUiqusPr0,1s is an uncountable, pairwise disjoint family of
sets which are pn´ 1q-rectifiable for almost all s.
3. Using the Lemma 3.1.
We need to control the H m Σ-measure in the collars around the boundary, there we do not have
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property H mpf ˝ ζpΣqq “ 0. Since f is C 1 up to the boundary of Vi, without loss of generality,
we can assume that Lippfq ď 1 and bound the measure of Σ in the domain instead of the measure
of the image. Let
ε “
8ÿ
k“1
εk with εk ą 0 (24)
Apply Lemma 3.1 to the set Oi “ UizBµi,1pBUiq for fixed Ui P U, with a positive
η ă ε1{3 (25)
and t in vector flow ϕWθ pt, ¨q “ ζ so small that
H
m ζpΣq
ˆ
ζpUi XBµi,1 pBUiqq
˙
ă σi{2. (26)
Note that last step may increase the measure of ζpΣq in the deformed collar around boundary
of the set Ui compared to (23). Due to the continuity of function t ÞÑ H
mpϕWθ pt,Σqq, which
follows from (5), it is possible to bound this increase by σi{2. In the Lemma 3.1 we deform a
set U diffeomorphic to some ball, here we know that Ui is contained in some set Vj which is
diffeomorphic to a ball, see (17). Due to Theorem 2.2 we can choose a map θ such that ζ is equal
to Ξθ on the set Oi and such that
H
m
ˆ
f ˝ ζpΣX Oiq
˙
“ 0. (27)
As a result the measure of Σ vanished in the set that is away from boundary of Ui.
4. Iteration
Now we will iterate above construction. We are working with one element of the family U. Denote
U1 :“ Ui, O1 :“ Oi, µ1 :“ µi,1 and also denote by ζ1 mapping ζ obtained in the previous point.
Let
U2 “ U1 X ζ1 pBµ1pBU1qq (28)
or shortly “ U1zζ1pO1q. (29)
This is the only possible place where, after composition with f , set ζ1pΣq yields positive measure.
In the previous step the boundary of U1 was pn´ 1q´rectifiable and we clearly had (22). Notice
that the set changed, we are working now with ζ1pΣq inside a little collar around boundary of U1
distorted by ζ1. Again we use fact that boundary of BµpAq is rectifiable for any A and almost all
µ. Hence we can choose µ2 such that
H
m pU2 X ζ1pΣqq
ˆ
BpBµ2pBU2qq
˙
“ 0 and (30)
H
m pU2 X ζ1pΣqq
ˆ
Bµ2pBU2q
˙
ă σ{32 (31)
Apply lemma Lemma 3.1 to the set O2 “ U2zBµ2 pBU2q with η ă ε2{3 and t in the flow such that
H
m
ˆ
ζ2pζ1pΣq X U2 XBµ2pBU2qq
˙
“ H m
ˆ
ζ2pζ1pΣq X U2zO2q
˙
ă σ{22. (32)
We obtained the map f2 “ f ˝ ζ2 ˝ ζ1 with H
mpf2pΣ X U1qq ď σ{2
2 as we assumed Lippfq ď 1.
Moreover
}ζ2 ˝ ζ1 ´ id}C 1pU1q “ }ζ2 ˝ ζ1 ´ ζ1 ` ζ1 ´ id}
ď }ζ2 ˝ ζ1 ´ ζ1} ` }ζ1 ´ id}
ď ε2 ` ε1. (33)
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If f, g : U Ñ U are two diffeomorphisms εf and εg close to identity in C
1 respectively, then
}f ˝ g ´ g}C 1 “ }f ˝ g ´ g}C 0 ` }Dpf ˝ gq ´Dpgq}C 0
“ }f ´ id}C 0 ` }Dfpgq.Dg ´Dpgq}C 0
ď εf ` }Dfpgq ´ id}C 0}Dg}C 0 for }Dg} P 1˘ εg
ď εf ` εf p1` εgq (34)
and if one take εf ă ε{3 and εg ă 1{3 then }f ˝ g ´ g}C 1 ă ε. This is the reason for (25).
5. The nth´step. First we define Un “ Un´1zζn´1pOn´1q. Take a collar
colµnpUnq “ Un XBµnpBUnq
around boundary of Un of width µn. Since boundary of Un and the boundary of the collar are
rectifiable sets for almost all µn, we can take µn such that
H
m pζn´1 ˝ . . . ˝ ζ1pΣqq pB colµnpUnqq “ 0 and (35)
H
m pζn´1 ˝ . . . ˝ ζ1pΣqq pcolµnpUnqq ă σ{3
n. (36)
Use the Lemma 3.1 to the set On “ UnzcolµnpUnq with η ă εn{3 and t in the flow so small that
H
m
ˆ
ζn
´
ζn´1 ˝ . . . ˝ ζ1pΣq X colnpUnq
¯˙
ď σ{2n (37)
We estimate the distance of the above composition to identity map.
}ζn ˝ . . . ˝ ζ1 ´ id}C 1 “ }ζn ˝ . . . ˝ ζ1 ` p´ζn´1 ˝ . . . ˝ ζ1 ` ζn´1 ˝ . . . ˝ ζ1q`
` p´ζn´2 ˝ . . . ˝ ζ1 ` ζn´2 ˝ . . . ˝ ζ1q ` . . .` p´ζ1 ` ζ1q ´ id}
ď }ζn ˝ . . . ˝ ζ1 ´ ζn´1 ˝ . . . ˝ ζ1}
` }ζn´1 ˝ . . . ˝ ζ1 ´ ζn´2 ˝ . . . ˝ ζ1}
... (38)
` }ζ2 ˝ ζ1 ´ ζ1}
` }ζ1 ´ id}
from (34) ď
nÿ
i“1
εi ă ε.
6. Mapping in the limit.
Let
ζ : U ÝÑ Rn be defined by ζpuq “ lim
nÑ8
ζn ˝ . . . ˝ ζ1puq (39)
Space C 1pU,Rnq is a Banach space, if the sequence ζn is a Cauchy sequence then it will imply
that ζ P C 1pU,Rnq. Let ζ˝n :“ ζn ˝ . . . ˝ ζ1. Almost the same as in (38), for any ̺ ą 0
}ζ˝n ´ ζ
˝
m}C 1 “ }ζ
˝
n ´ ζ
˝
n´1 ` ζ
˝
n´1 ´ . . .´ ζ
˝
m`1 ` ζ
˝
m`1 ´ ζ
˝
m} (40)
ď }ζ˝n ´ ζ
˝
n´1} ` }ζ
˝
n´1 ´ ζ
˝
n´2} ` . . .` }ζ
˝
m`1 ´ ζ
˝
m} (41)
from (34) ď εn ` εn´1 ` . . .` εm`1 ` εm (42)
Since the series
ř
k εk is convergent, one can find an integerN such that for n,m ą N the condition
}ζ˝n ´ ζ
˝
m}C 1 ď ̺
is satisfied, proving that ζ P C 1pU,Rnq. Notice that Dζ “ id on the boundary because all Dζn
are equal to the identity on the boundary.
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7. Construction for the whole set U .
Having a construction on one element of family U we easily produce the sequence for the whole
domain U , because on every element of the cover U the modification can be done separately. From
now on Ui denote elements of the family U again and ζi,n is the mapping at the n
th´step in the
element Ui. The mapping ζi,n can be extended with id to UzUi. Define the sequence pξnqn“1,2,...
by
ξ1 “ ζ1,1
ξ2 “ ζ1,2 ˝ ζ1,1 ˝ ζ2,1
ξ3 “ ζ1,3 ˝ ζ1,2 ˝ ζ1,1 ˝ ζ2,1 ˝ ζ1,1 ˝ ζ3,1
ξ4 “ ζ
˝
1,4 ˝ ζ
˝
2,3 ˝ ζ
˝
3,2 ˝ ζ
˝
4,1
...
ξn “ ζ
˝
1,n ˝ ζ
˝
2,n´1 ˝ . . . ˝ ζ
˝
n´1,2 ˝ ζn,1
where ζ˝i,k “ ζi,k ˝ ζi,k´1 ˝ . . . ˝ ζi,1. The composition sign between functions in the last line is, in
fact, a long list of identities because
sptpζk,l ´ idq X sptpζm,n ´ idq “ ∅ for k ‰ m.
On every component Ui sequence ξn is converging to corresponding ζ. After composition with the
map f the measure of ΣX Ui is zero for every i.
3.2 Potential extension of the theorem
Mappings with m or lower rank. Under the conjecture
C
8
ďmpU,R
nq
dense
Ă C 1ďmpU,R
nq (43)
same is true for broader class of mappings C 1ďmpU,R
nq. The argument is as follows. Let }fε ´
f}C 1 ď ε and fε P C
8
ďm. Split the domain into two sets Um “ tx | rpDfεpxqq “ mu and UzUm.
On the set Um do the same procedure as for maps belonging to C
1
“m, on the remaining set use
the Sard theorem [Fed69, Theorem 3.4.3]. It states that if B “ tx | rpDfεpxqq ď m´ 1u, the set
U Ă Rn and the mapping f is of class k, then
H
m´1`pn´pm´1qq{kpfpBqq “ 0.
Apply it to fε and notice that if k ą n ´ m ` 1 then m ´ 1 ` pn ´ pm ´ 1qq{k ă m and then
the H m measure of the image of the whole set B equals zero, hence H mpfεpB X Σqq “ 0 as fε
belongs to any class C k. Therefore if (43) is true then the thing we have to do is to modify map
on the open set where rank of the Jacobian matrix is equal to m.
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